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We show the existence of a basis for a vector space over a number field

with two key properties. First, the n-th basis vector has a small twisted height

which is bounded above by a quantity involving the n-th successive minima

associated with the twisted height. Second, at each place v of the number

field, the images of the basis vectors under the automorphism associated with

the twisted height satisfy near-orthogonality conditions analagous to those

introduced by Korkin and Zolotarev in the classical Geometry of Numbers.

Using this basis, we bound the Mahler product associated with the

twisted height. This is the product of a successive minimum of a twisted

height with the corresponding successive minimum of its dual twisted height.

Previous work by Roy and Thunder in [12] showed that the Mahler product

was bounded above by a quantity which grows exponentially as the dimension

of the vector space increases. In this work, we demonstrate an upper bound

that exhibits polynomial growth as the dimension of the vector space increases.
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Chapter 1

Introduction

1.1 Historical Background

In the classical Geometry of Numbers, Minkowski’s successive minima

theorem is a foundational result which, for any lattice, guarantees the existence

of a set of linearly independent lattice vectors that are all short with respect

to a symmetric, convex distance function. Let f : RN → R be a symmetric,

convex distance function and Bf (τ) = {x ∈ RN : f(x) ≤ τ} be the ball with

respect to f of radius τ , centered at the origin. Let Vf denote the volume of

the unit ball Bf (1). Let L ⊆ RN be a full-rank lattice with determinant d(L).

The successive minima λ1, λ2, . . . , λN of L with respect to f are given by

λn = min{τ > 0 : L ∩Bf (τ) contains n linearly independent points.} (1.1)

Theorem 1.1 (Minkowski’s Successive Minima Theorem). Given f, Vf , and

L as above, the successive minima λ1, λ2, . . . , λN of L with respect to f satisfy

the bounds

2N

N !
d(L) ≤

(
N∏
n=1

λn

)
Vf ≤ 2Nd(L).

Proofs of this theorem can be found in [7] and [4], while a more recent

approach is given in [5]. Usually the proofs are complicated and technical, and
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although the version given in [5] is shorter, it is based on the same principles

that underly the original proof given by Minkowski. In special cases, such as

when f is the Euclidean distance function, better bounds can be achieved, as

in Theorem I in VIII.2 of [4].

Although it is true that for N ≤ 4, the vectors associated with the

successive minima of a lattice in RN form a basis for the lattice, this is not

necessarily true in higher dimensions. A particularly simple example is well-

known even for R5. However, for applications it is frequently useful to have a

set of short basis vectors, although the length condition will be weaker. The

search for such a basis is called a reduction problem. By imposing different

reduction conditions, it is possible to find different bases. The most obvious

choice for reduction conditions is inspired by the successive minima theorem.

A Minkowski-reduced basis {y1,y2, . . . ,yN} of a lattice L with respect to a

distance function f is one that satisfies the following conditions:

(i) f(y1) = λ1,

(ii) for 1 ≤ n ≤ N , let

Yn = spanR{y1,y2, . . .yn},

(iii) then yn ∈ L\Yn−1 is chosen so that that f(yn) is minimal among all

vectors y in L\Yn−1 such that {y1,y2, . . .y} can be extended to a basis

for L.
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There is an analogue due to Mahler and, independently, H. Weyl, to the Suc-

cessive Minima theorem which holds for the Minkowski-reduced basis.

Theorem 1.2. For any symmetric, convex distance function f and lattice L

there exists a basis y1,y2, . . . ,yN of L such that

f(yn) ≤
(

3

2

)n−1
λn

and therefore also

Vf

N∏
n=1

f(yn) ≤ 2N
(

3

2

)N(N−1)/2

d(L).

Proofs of this theorem can be found in Section 10 of Chapter 2 in [7]

and Section 6 of Lecture X in [13].

In recent years, techniques from the classical Geometry of Numbers

have been adapted to the study of adele rings of number fields, with applica-

tions to the heights of algebraic vectors. In this context, the result correspond-

ing to the Successive Minima theorem leads immediately to Siegel’s Lemma.

This approach was used in [2], [12], and [17]. However, there is one significant

difference between the classical and the number field cases, connected to the

fact that any collection of linearly independent elements in a vector space au-

tomatically forms a basis. In particular, a linearly independent collection of

vectors over a number field at which the successive minima with respect to the

height are achieved represents a basis for the number field. In [3], Burger and

Vaaler proved a primitive basis version of Siegel’s lemma, which is related to
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the classical Theorem 1.2. The primitive basis which they used to prove their

main results can be considered an analogue of the Minkowski-reduced basis.

Minkowski reduction is not the only approach to lattice basis reduction;

there are other methods that are useful for certain problems. In the present

dissertation, we take the reduction conditions first employed by Korkin and

Zolotarev, and adapt them to the number field case. Unlike Minkowski re-

duction, Korkin-Zolotarev reduction is nontrivial in the adelic Geometry of

Numbers. In particular Korkin-Zolotarev reduction ensures that the basis

vectors found are as close as possible to being orthogonal at each place. There

is no such condition on the successive minima, so by imposing it we potentially

find a different basis.

We will prove that with respect to a twisted height there exist vectors

which satisfy criteria analagous to those of Korkin-Zolotarev, and then show

that the set of vectors obtained in this manner satisfies numerous desirable

inequalities, similar to the classical case. In particular, the heights of the

Korkin-Zolotarev basis elements are bounded with respect to the successive

minima. Furthermore, because of the additional orthogonality conditions, the

Korkin-Zolotarev basis is particularly useful in problems where an automor-

phism of the adeles and its dual automorphism are both required.

For dual lattices L and L∗ in RN , the Mahler product is defined to be

λn(L)λN−n+1(L
∗),

for 1 ≤ n ≤ N . Mahler was the first to study it and gave an upper bound which
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can be easily derived from the successive minima theorem. A more refined

result can be found in Chapter VIII, Section 5 of [4]. Using Korkin-Zolotarev

basis reduction, Lagarias, Lenstra, and Schnorr made significant improvements

to this bound in [6]. More recently, in [1], Banaszczyk introduced an extremely

novel method that yields an improved upper bound that is likely to be the

best possible, at least up to some constant multiple. In the adelic setting, this

question has not yet been studied in depth. A bound analogous to Mahler’s

was given by Roy and Thunder in [12]. Informed by the work in [6], in the

present dissertation we improve the upper bound. It is possible that further

improvements might be made by studying the strategy employed in [1]; in

principle, this approach could be abstracted and modified to work in the adelic

setting.

1.2 Main Results

The remainder of this dissertation is structured as follows: in Section

1.3, we will introduce the relevant content and technical details that contribute

to the main object of study, the twisted height functionsHA defined for a vector

space over a number field. Chapter 2 establishes many of the foundational

results regarding orthogonality and orthogonal projection over local fields. A

general theme of this chapter is first to establish a local result, then deduce

the corresponding adelic result by applying the local result at each place.

Chapter 3 is devoted to showing the existence of what we will call the

Korkin-Zolotarev matrix, which is designed to have certain properties. In

5



Chapter 4, these analytical properties are exploited to bound various quanti-

ties; along with the main results described here, there are also some auxiliary

results contained in Section 4.3. Our first main result is that the column vec-

tors of the Korkin-Zolotarev matrix must have small twisted height, bounded

by the successive minima Λn(A) associated with the automorphism A. In

particular, we prove:

Theorem 4.1. For A belonging to Aut(kNA ), let X in GL(N, k) be the Korkin-

Zolotarev matrix for A, and let ξn be the n-th column vector of X. Then

HA(ξn) ≤ d3(k)(1 + (n− 1)τ 2k )1/2Λn(A).

Using this as a foundation, several intermediate results build the nec-

essary machinery to bound the Mahler product of corresponding successive

minima of a twisted height and dual twisted height as follows:

Theorem 4.6. Let A belong to Aut(kNA ) and have dual automorphism A∗. For

every integer pair 1 ≤ n,m ≤ N such that m+ n = N + 1 we have

Λn(A)Λm(A∗) ≤ d3(k)

(
1 +

(N − 1)

2
τ 2k

)
γ∗k(N) (1.2)

The constants τk and d3(k) are defined in Chapter 3 and Section 4.1,

respectively, and depend only on the field k. As the dimension N grows, γ∗k(N)

is known to be bounded above by a linear function of N , so the right hand side

of (1.2) grows quadratically in N . The bound for the Mahler product with

respect to twisted heights proved in Theorem 7.1 of [12] is

Λn(A)Λm(A∗) ≤ 2N(N−1), (1.3)
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which has the advantage that it is absolute, which means that it is also true

in any field extension K of k. Using the same type of argument, along with

Theorem 1 of [17], it is possible to show that

Λn(A)Λm(A∗) ≤ γk(N)N . (1.4)

As (1.2) is not an absolute result, (1.4) is a better comparison. However,

since both (1.3) and (1.4) grow exponentially as N increases, (1.2) represents

a substantial improvement.

1.3 Absolute Values, Norms and Heights

Our goal in this section is to define the twisted height of a vector in

a vector space over an algebraic number field. In order to do so, we select

a norm at each place of the number field and assemble them in an infinite

product. Because of the construction, we never need to consider matters of

convergence. We briefly introduce all the definitions and constructs necessary

to understand the twisted height. Our notation follows standard conventions.

An absolute value on a field F is a map | | : F → R≥0 with the

properties that for all x, y in F ,

|x| = 0 if and only if x = 0

|xy| = |x||y|

|x+ y| ≤ |x|+ |y|.

The final property is called the triangle inequality. For some absolute values,

7



an even stronger inequality is true, namely

|x+ y| ≤ max{|x|, |y|},

which is called the strong triangle inequality. If an absolute value satisfies the

strong triangle inequality it is called non-Archimedean or ultrametric; other-

wise it is called Archimedean.

Every field has at least one absolute value, which is called the trivial

absolute value and defined to be

|x| =

{
1 if x 6= 0

0 if x = 0,

but in the context of this thesis this absolute value will never be used. In

fact, the fields that we consider have an abundance of absolute values, and we

require a way of classifying them. Two absolute values | |1 and | |2 on F are

said to be equivalent if there is some positive real constant θ such that for all

x in F ,

|x|θ1 = |x|2.

This is the case if and only if | |1 and | |2 induce the same metric topology

on F with respect to the metric induced by the function on F × F given by

(x, y) 7→ |x− y|; it is also equivalent to the statement that the unit balls with

respect to the topologies induced by | |1 and | |2 are the same. An equivalence

class of nontrivial absolute values is called a place of the field F .

The places of Q are particularly simple to classify. First, the place

containing the usual absolute value is called the infinite place, and the usual

8



absolute value will be denoted | |∞. Beyond that, for any rational number β,

if we use the unique prime factorization property to write

β = ±2w2(β)3w3(β)5w5(β) · · · ,

where wp(β) is a positive or negative integer, and wp(β) = 0 for almost all p.

For every prime p we define a function | |p : Q→ R≥0 by

|β|p = p−wp(β).

It is easy to check that these functions are all distinct non-Archimedean ab-

solute values, which we will call p-adic absolute values. It is a theorem of

Ostrowski that every nontrivial absolute value on Q is equivalent to either the

usual absolute value or one of the p-adic absolute values, so we may index all

the non-infinite places of Q by the prime numbers. We will call these places

the finite places. We will denote by Qp the complete field found by taking the

completion of Q with respect to the metric topology induced by an absolute

value from place p. This is called the field of p-adic numbers. In the case of

the usual absolute value, we have Q∞ = R.

We now turn our attention to algebraic number fields, which are finite

extensions of Q. Throughout this dissertation, we will let k denote such a

field, and let d = [k : Q] be the degree of k over Q. If v is a place of k, and

| |v is an absolute value in that place, then by restricting to the subfield Q of

k we find that | |v determines a place p of Q. In this case, we say that the

place v lies over p and write v|p. Let kv be the completion of k with respect to
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this absolute value. Then dv = [kv : Qp] is called the local degree of kv. Given

a prime p, there are only finitely many places v lying over p, and their local

degrees are related by the identity

d =
∑
v|p

dv.

When v|∞, it must be that dv = 1 or 2. In this case, when dv = 1, kv is

isomorphic to R, and when dv = 2, it follows that kv is isomorphic to C.

We select from each place v of k two absolute values, normalized to

satisfy different properties. The first, which we will denote ‖ ‖v, extends the

usual absolute value on Q whenever v is an infinite place. When v is a finite

place lying over a rational prime p, we let ‖ ‖v extend the p-adic absolute value

on Q.

The second absolute value, denoted | |v, is defined by |x|v = ‖x‖dv/dv .

This normalization is chosen in order to satisfy the product formula: for any

x ∈ k×, ∏
v

|x|v = 1.

In the trivial situation where k = Q, we have ‖ ‖p = | |p, but this is not

necessarily true when d > 1.

For each finite place v, we define several interesting subsets of kv. First,

let Ov = {x ∈ kv : ‖x‖v ≤ 1}, and call Ov the ring of v-adic integers in k. The

ring Ov is a local ring with unique maximal ideal Mv = {x ∈ kv : ‖x‖v < 1}.

Furthermore, we note that
⋂
v-∞Ov = Ok is the ring of integers of k, which is

the integral closure of Z in k.
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The adele ring of k, which we will denote by kA, is a space that allows

the consideration of all the places of k at once. That is,

kA ⊆
∏
v

kv,

subject to the condition that an element x = (xv) of this product belongs to kA

if and only if ‖xv‖v ≤ 1 for almost all places v. An in-depth exposition of kA

is given in Section 1 of Chapter IV of [20], including a thorough construction

of kA as a locally compact topological ring, using the restricted direct product

topology. We will also let kLA signify the L-fold product of the adeles of k.

We will call the subgroup of invertible elements of kA the idele group of

k, denoted k×A . For any x = (xv) belonging to k×A , it must be that at each place

v, xv 6= 0, and furthermore |xv|v = 1 at almost all places v. The idele group

is a locally compact topological group, further details of which are given in

Sections 3 and 4 of Chapter IV of [20]. We note that although k×A is contained

in kA, the induced topology from kA on k×A is not the same as the restricted

direct product topology on k×A .

An important characteristic of any idele x = (xv) is its volume |x|A,

which is defined by the product

|x|A =
∏
v

|xv|v. (1.5)

The volume is well-defined, because |xv|v 6= 1 at only finitely many places, so

there is no question of convergence in (1.5).

If α ∈ k, then for all v it is also true that α is in kv. Therefore we may

embed k in kA by setting αv = α at each place v; this is called the principal
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(or diagonal) embedding. We frequently identify k with this embedding in kA.

In light of the product formula, which is the statement that |α|A = 1 for any

α ∈ k\{0}, it is clear that k× ⊆ k×A . In fact, even more is true. The ideles of

volume 1 form a subgroup of k×A , which we will denote by k1A. By the product

formula, k× ⊂ k1A. Furthermore, it is the case that k1A/k is compact.

For any positive integer L, we may use these absolute values to con-

struct a norm on the L-dimensional vector space kLv . Given a vector

x =


x1
x2
...
xL

 ∈ kLv ,
we define ‖ ‖v : kLv →∞ by:

‖x‖v =

maxl=1,2,...,L ‖xl‖v if v -∞(∑L
l=1 ‖xl‖2

)1/2
if v | ∞.

In addition, we define a second norm | |v : kLv →∞ by

|x|v = ‖x‖dv/dv .

A nonzero vector x ∈ kL has only finitely many places v such that

|x|v 6= 1, and we may define a height H : kL\{0} → [0,∞):

H(x) =
∏
v

|x|v

This is often called the global height or absolute Weil height. Moreover, the

height is well defined on the projective space PL−1(k) because of the product
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formula. If α ∈ k, α 6= 0, then

H(αx) =
∏
v

|αx|v

=
∏
v

|α|v
∏
v

|x|v

=
∏
v

|x|v

= H(x)

From the above equation it is also clear that since any nonzero x ∈ kL has at

least one non-zero coordinate, there is some α such that αx has at least one

coordinate equal to 1, and therefore H : PL−1(k)→ [1,∞).

Let A be an automorphism, which we will always understand to be con-

tinuous, of kLA. The automorphisms form a group which we will call Aut(kLA).

It follows that A can be realized as a vector of matrices Av indexed by the

places of k, where the entries of each Av are taken from the corresponding kv,

and also (detAv) is an idele. We extend several of the preceding definitions

to apply to the automorphism A. In particular, we define the volume of the

automorphism to be

|A|A = |(detAv)|A =
∏
v

| detAv|v.

As a result, the map A→ |A|A is a continuous homomorphism from Aut(kLA)

to the multiplicative group of positive real numbers.

Associated to each automorphism A = (Av) is a twisted height

HA : PL−1(k)→ [1,∞)
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defined by

HA(x) =
∏
v

|Avx|v.

If we let I = (Iv) be the identity matrix at each place v, then HI(x) = H(x).

The twisted height was first studied by Thunder in [14], and further developed

in [15], in the context of the Hermite’s constant associated with a number

field. He defined γk(L), the Hermite’s constant associated to kL, to be the

smallest number such that, for all A belonging to Aut(kLA), there exists an x

in PL−1(k) such that

HA(x) ≤ γk(L)1/2|A|1/LA (1.6)

In the case k = Q, the classical Hermite’s constant is recovered. Vaaler has

shown in [17] that this constant is the best possible for Siegel’s Lemma. How-

ever, even in the classical case, Hermite’s constant is still somewhat mysterious.

For instance, its exact value is known only for L ≤ 8, and it is not known in

general whether, when m < n, it is true that

γQ(m) ≤ γQ(n).

It is known that γQ(L) is bounded above by a linear function of L; in particular

for every L ≥ 2 it is possible to show, as in Section 7 of Chapter IX in [4], that

γQ(L) ≤ 2L/3.

In the case of other number fields k, even less is known about γk(L). Estimates

have been given by Ohno and Watanabe in [10], and the best known result

14



was proved by Thunder in Corollary 2 of [15], which is given as an asymptotic

limit. As L→∞,

log(γk(L)) = logL+Ok(1) (1.7)

which implies that

γk(L) ≤ c(k)L, (1.8)

for some constant c(k) depending on the field k.

Because of our limited knowledge about Hermite’s constant, we adopt

a convention used for the classical case in [6]. For any positive integer L we

define

γ∗k(L) = max
1≤l≤L

{γk(l)}, (1.9)

because we will be required to provide upper bounds for estimates involving

the product of Hermite’s constant for several different choices of L at once. It

follows immediately from (1.8) that

γ∗k(L) ≤ c(k)L,

so that we will still be able to provide estimates involving only the number

field k and vector space dimension L, and not be limited by the relative lack

of knowledge about Hermite’s constant.

Further generalizations of Hermite’s constant, along with applications,

have been studied by Watanabe in [18] and [19], and more recently by Meyer

in [9] and [8]. It is possible that the techniques and results of the present

dissertation could also be useful in the contexts of those generalizations.
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Chapter 2

Preliminary Lemmas

2.1 Duality of Automorphisms

In the classical Geometry of Numbers, given a lattice Λ of rank N in

RN , its dual lattice, also known as its polar or reciprocal lattice Λ∗ is defined

as

Λ∗ = {y ∈ RN : xTy ∈ Z for all x ∈ Λ}

Of note, the matrix product used here is the same as the usual inner product

on RN . If {x1,x2, . . . ,xN} is a basis for Λ, then a dual basis of Λ∗ is a set

{y1,y2, . . . ,yN} defined for 1 ≤ i, j ≤ N by the equations

xTi yj = δij.

Here δij is the Kronecker delta, specifically

δij =

{
1 if i = j

0 if i 6= j.

Since any lattice in RN can be realized as AZN for A ∈ GL(N,R), it is

not hard to see that if Λ = AZN , then Λ∗ = A−TZN . We do not give the proof

of this here, but the argument used to prove the main results of this section

is essentially the same.
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In the context of automorphisms of adeles, the interpretation in terms

of matrices is useful. We define the dual automorphism A∗ = (A∗v) of A = (Av)

to be A∗ = (A−1)T = ((A−1v )T ). We now show that this definition of duality

agrees with the classical one.

Proposition 2.1.1. Suppose A and A∗ belonging to Aut(kLA) are dual auto-

morphisms. Then for any ξ ∈ kL and η ∈ kLA, we have

(Aξ)Tη ∈ k (2.1)

if and only if η = A∗ν for some ν ∈ kL.

Proof. First, assume that η = A∗ν for some ν ∈ kL. At each place v we have

(Avξ)TA∗vν = ξTATv (A−1v )Tν

= ξT (AvA
−1
v )Tν

= ξTν = x ∈ k
and notice that there is no longer a dependence on the place v, so x is the

same at each place, which is to say that it is in the principal embedding of k

into kA.

Next suppose that (Aξ)Tη = x ∈ k for any ξ ∈ kL, which means that

at each place (Avξ)Tη = x. Let e1, e2, . . . , eL be the standard basis vectors,

and apply the hypothesis to each one, so that (Avel)
Tη = xl ∈ k. But Avel

is just the l-th column of the matrix Av, so by assembling the coordinates xl

into the vector

x =


x1
x2
...
xL

 ∈ kL,
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we discover that
ATv η = x

η = (ATv )−1x = A∗x,

so η has the desired form.

It is also useful to observe that

|A∗|A = |A|−1A . (2.2)

2.2 Orthogonality in Local Fields

In the classical Korkin-Zolotarev lattice reduction, a basis is found for

which the basis vectors are short and also nearly orthogonal. However, in non-

Archimedean local fields the properties of orthogonality are somewhat different

than in the Archimedean setting. The basic theory of orthogonality in such

circumstances is described in [20], Chapter II, Sections 1 and 2, as well as [16]

with further elaborations in [3]. Here we cite some of the technical lemmas in

order to use them in constructions that follow.

Suppose that X and Y are subspaces of kLv . We define X and Y to

be orthogonal if the usual Pythagorean identity

‖x+ y‖2v = ‖x‖2v + ‖y‖2v (2.3)

holds true for all x ∈X and y ∈ Y whenever v|∞. If v -∞, then we require

that a non-Archimedean analogue holds, specifically that for all x ∈X ,y ∈ Y

we have

‖x+ y‖v = max{‖x‖v, ‖y‖v}. (2.4)
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In both cases, we may define an orthogonal projection operator. Let X

have dimension K ≤ L, and let {x1,x2, . . . ,xK} be a basis for X . Consider

these basis vectors as column vectors of the L×K matrix

X = (x1 x2 · · · xK),

and for v|∞ define the projection operator Pv(X) to be

Pv(X) = X(X∗X)−1X∗.

If v - ∞, we first introduce some necessary notation. Let I be a subset of

1, 2, . . . , L such that |I| = K, and let IX be the K ×K matrix which has as

its rows the rows of X indexed by elements of I. From all possible subsets I,

let J be one such that

| det JX|v = max
I⊆{1,2,...,L}
|I|=K

| det IX|v. (2.5)

If there are multiple choices IX satisfying (2.5), we must impose a further

condition in order to specify JX uniquely and consistently. In this case we

will choose J from the candidates to be the K-element subset which occurs

first in the lexicographic ordering. It is now possible, for v - ∞, to define

Pv(X) as

Pv(X) = X(JX)−1J(1L).

In both the Archimedean and non-Archimedean cases, this projection

operator has many desirable properties.
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Lemma 2.1. Given the orthogonal projection Pv(X ) defined above, the fol-

lowing are true:

(i) Pv(X )z ∈X for any z ∈ kLv ,

(ii) Pv(X )x = x for x ∈X ,

(iii) Pv(X ) is idempotent, i.e. P 2
v (X ) = Pv(X ),

(iv) if v|∞, then

‖z‖2v = ‖Pv(X )z‖2v + ‖(1L − Pv(X ))z‖2v,

(v) if v -∞, then

‖z‖v = max{‖Pv(X )z‖v, ‖(1L − Pv(X ))z‖v}.

We omit the proof, which can be found in [16]. Orthogonal projection

allows us to use a Gram-Schmidt orthogonalization process to decompose any

nonsingular matrix over a local field.

Lemma 2.2 (Lemma 1 of [17]). Let A ∈ GL(L, kv) be a nonsingular L × L

matrix. Then there exist matrices Ψ, U , and W such that

A = ΨUW.

In addition, these matrices have the following properties:

(i) W = (wij) is an upper triangular matrix and wll = 1 for l = 1, 2, . . . , L.
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(ii) U = [ul] is a diagonal matrix.

(iii) Let ψl be the l-th column of Ψ. Then

‖ψ1‖v = ‖ψ2‖v = · · · = ‖ψL‖v = 1

and for i, j = 1, 2, . . . , L, with i 6= j,

span{ψi} is orthogonal to span{ψj}.

Proof. Let al be the l-th column vector of A. We proceed by induction on

l. If l = 1, then we define u1 = ‖a1‖v, w11 = 1, wi1 = 0 for 1 < i ≤ L,

and ψ1 = u−11 a1. Now assume that l ≥ 1, so that ψ1,ψ2, . . . ,ψl−1 have been

defined. We define the subspace X to be

X = spankv{a1,a2, . . . ,al−1}

= spankv{ψ1,ψ2, . . . ,ψl−1}

We apply the projection Pv(X ) to al, and because the resulting vector

is in X we may write

Pv(X )al =
l−1∑
i=1

αiψi (2.6)

al =
l−1∑
i=1

αiψi + (1L − Pv(X ))al (2.7)

for some α1, α2, . . . , αl−1 ∈ kv. Define ul = ‖(1L − Pv(X ))al‖v. Since Av is

nonsingular, its column vectors must be linearly independent, so al /∈X and

therefore ul 6= 0. Also let ψl = u−1l (1L − Pv(X ))al. Finally, let

wil =


αi/ui 1 ≤ i < l

1 i = l

0 l < i ≤ L.

.
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The matrices defined by

Ψv = (ψ1 ψ2 . . . ψL)

U = [ul]

W = (wij)

satisfy the requirements given in the statement of the lemma.

If A = (Av) is an automorphism of the adeles of k, then we may apply

Lemma 2.2 at each place and achieve a global result.

Lemma 2.3 (Lemma 2 of [17]). Let A = (Av) ∈ Aut(kLA). Then there are Ψ =

(Ψv), U = (Uv) and W = (Wv) all belonging to Aut(kLA), with the following

properties:

(i) A = ΨUW ,

(ii) at each place v of k, Uv is a diagonal matrix,

(iii) at each place v of k, Wv is an upper-triangular matrix with 1’s along the

diagonal,

(iv) at each place v of k, ‖Ψvx‖v = ‖x‖v for all x in kLv .

Furthermore, if ul = (u
(v)
l ) is a diagonal entry of U , then ul is an idele.

Proof. Because A is in Aut(kLA), Av is nonsingular at each place v and we may

apply Lemma 2.2 at each, yielding the equation

Av = ΨvUvWv.
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Set Ψ = (Ψv), U = (Uv),W = (Wv), then it is clear that the matrices satisfy

(ii), (iii), and (iv). From (iv) it is clear that ‖ det Ψv‖v = 1 at each place v,

so Ψ belongs to Aut(kLA). Likewise, from (iii) it follows that detWv = 1 at

each place, so W belongs to Aut(kLA), and therefore U = Ψ−1AW−1 is also in

Aut(kLA).

As Uv is a diagonal matrix, we can calculate its determinant:

| detUv|v =
L∏
l=1

|u(v)l |v.

Since each ul is an adele, we have that ‖u(v)l ‖v ≤ 1 for almost all v. But U

is in Aut(kLA), so | detUv|v = 1 for almost all places. Assume that for some l,

‖u(v)l ‖v < 1 at infinitely many places v. Then there must be some j 6= l such

that ‖u(v)j ‖v > 1 at infinitely many places, which is a contradiction. Therefore

ul ∈ k×A for l = 1, 2, . . . , L, which is the last conclusion of the theorem.

2.3 Orthogonal Projection of Automorphisms

In order to prove our main results, we must understand the relationship

between vector space automorphisms and orthogonal projections. In the most

general terms, given a matrix A ∈ GL(N, kv) and an n-dimensional subspace

X ⊆ kNv , we would like to understand the linear transformations Pv(X )A

and (1N − Pv(X ))A. In particular, we would like to determine the structure

of the sets
{Pv(X )Ax : x ∈ kN}

{(1N − Pv(X ))Ax : x ∈ kN}
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However, this will vary depending on the relationship between X and A. For

our purposes, it is enough to understand the situation when

X = spankv{Ax1, Ax2, . . . , Axn},

where x1,x2, . . . ,xn ∈ kN . In fact, we may simplify the situation even more.

If X is in GL(N, k), then AX still belongs to GL(N, kv), and can be used for

our purposes instead of A. Therefore it suffices to consider only

A = spankv{a1,a2, . . . ,an},

where a1,a2, . . . ,an are the first n column vectors of A. Because of this, the

results from the previous section, in particular Lemma 2.2, can be applied to

the problem at hand.

It will be helpful to define a family of restriction functions

φM,L : kM → kL, where 1 ≤ L ≤M.

Most often, we will use kN as the domain of one of these functions. When it is

clear that this is the case, we will omit the first subscript and write merely φL

instead of φN,L. The functions are defined as follows. For x ∈ kM , we write x

coordinate-wise in terms of the standard basis vectors,

x =


x1
x2
...
xM

 ,
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Then

φM,L(x) =


xM−L+1

xM−L+2
...
xM

 .

Composition of these restriction functions is particularly simple. When 1 ≤

L′ ≤ L ≤M ,

φL,L′ ◦ φM,L(x) = φM,L′(x).

For any nonsingular A belonging to GL(N, kv), let a1,a2, . . . ,aN be the

linearly independent column vectors of A. We define a sequence of subspaces

A1,A2, . . . ,AN of kNv by

An = spankv{a1,a2, . . . ,an}.

We are now in position to associate with any A belonging to GL(N, kv)

a sequence A(1), A(2), . . . , A(N) = A. In this sequence, A(L) is an element of

GL(L, kv), and the relationship between A and A(L) will be made precise in

the following lemma.

Lemma 2.4. Let A belong to GL(N, kv), and for 1 ≤ L < N let A = AN−L

be the subspace of kNv spanned by the first N − L column vectors of A. Then

there is a matrix A(L) ∈ GL(L, kv) such that for any x ∈ kN ,

‖(1N − Pv(A ))Ax‖v = ‖A(L)φL(x)‖v

Proof. Apply Lemma 2.2 to the matrix A, yielding the decomposition

A = ΨUW.
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For convenience, we will let Z = UW , so Z = (zmn) is upper triangular.

Because

A = spankv{a1,a2, . . . ,aN−L},

it follows from the decomposition that

A = spankv{ψ1,ψ2, . . . ,ψN−L},

where ψ1,ψ2, . . . ,ψN are the column vectors of Ψ. Let

B = spankv{ψN−L+1,ψN−L+2, . . . ,ψN}

so that A and B are orthogonal, and kNv = A ⊕ B. Let B′ be the L-

dimensional subspace determined as the image of the operator (1N −Pv(A )).

If v is a non-Archimedean place, then it may be that B 6= B′. However,

because B is orthogonal to A , it is true that for any y ∈ B,

‖y‖v = ‖(1N − Pv(A ))y‖v. (2.8)

Now let

ξ =


ξ1
ξ2
...
ξN


be any nonzero vector in kN and consider

Aξ =
N∑
n=1

anξn

=
N∑
n=1

n∑
m=1

(zmnψm)ξn

=
N∑
n=1

N∑
m=n

(znmξm)ψn.
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When expanded in terms of the ψn, we can calculate the projection

(1N − Pv(A ))Aξ = (1N − Pv(A ))

(
N∑
n=1

N∑
m=n

(znmξm)ψn

)

= (1N − Pv(A ))

(
N−L∑
n=1

N∑
m=n

(znmξm)ψn

+
N∑

n=N−L+1

N∑
m=n

(znmξm)ψn

)

= (1N − Pv(A ))

(
N∑

n=N−L+1

N∑
m=n

(znmξm)ψn

)

=
N∑

n=N−L+1

N∑
m=n

(znmξm)(1N − Pv(A ))ψn

Upon appealing to (2.8) and the fact thatψn is orthogonal to A forN−L+1 ≤

n ≤ N we find that

‖(1N − Pv(A ))Aξ‖v =

∥∥∥∥∥
N∑

n=N−L+1

N∑
m=n

(znmξm)ψn

∥∥∥∥∥
v

.

Furthermore, ‖ψn‖v = 1 for all n = 1, 2, . . . N so in fact we see that

‖(1N − Pv(A ))Aξ‖v =

∥∥∥∥∥
N∑

n=N−L+1

N∑
m=n

(znmξm)

∥∥∥∥∥
v

.

Let

ξ′ = φL(ξ),

and let LZ = (zmn), where N−L+1 ≤ m ≤ N and N−L+1 ≤ n ≤ N be the

matrix formed by excerpting the lower right-hand L× L corner of the matrix

Z. Because Z is upper triangular, LZ is also upper-triangular. Its diagonal
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entries are a subset of those in W , so it is in GL(L, kv). Matrix multiplication

shows that

LZξ′ =
N∑

n=N−L+1

N∑
m=n

(znmξm),

so that in fact

‖(1N − Pv(A ))Aξ‖v =
∥∥LZφL(ξ)

∥∥
v
.

We set A(L) = LW , so that A(L) satisfies the conclusion of the lemma.

In fact, if Φ is any isometry of kLv , then we could let A(L) = Φ(LZ). We

implicitly used Φ = I to construct A(L) in the proof of the lemma.

Much as Lemma 2.2 led to Lemma 2.3, for an automorphism A = (Av)

of kNA , we apply Lemma 2.4 to each Av and achieve a global result. In essence,

we will show that, for L ≤ N , there is an automorphism A(L) of kLA such that

the twisted heights HA(L)(x) of points x in kL capture information about the

norms of the images of points Ay in kNA under orthogonal projection onto a

particular L-dimensional subspace of kv at each place v. This is similar to

a result in the classical Geometry of Numbers, used in [6] to describe the

construction of the Korkin-Zolotarev basis. There, the result states that the

projection of a lattice onto the orthogonal complement of a subspace spanned

by some of its vectors is still a lattice, of maximal rank in the subspace onto

which it was projected.

Lemma 2.5. Given an automorphism A = (Av) belonging to Aut(kNA ) and a

positive integer L < N , at each place let A (v) = A (v)
N−L denote the subspace of
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kNv spanned by the first N − L columns of the matrix Av. Then there is an

automorphism A(L) = (A
(L)
v ) of kLA such that for any x in kN ,

HA(L)(φL(x)) =
∏
v

∣∣(1N − Pv(A (v)))Avx
∣∣
v
.

Proof. Given A = (Av), at each place v let A
(L)
v be chosen as prescribed by

Lemma 2.4. Applying the lemma at each place

∥∥A(L)
v φL(x)

∥∥
v

=
∥∥(1N − Pv(A (v)))Avx

∥∥
v
,

and by raising both sides to the power dv/d, we see that also

∣∣A(L)
v φL(x)

∣∣
v

=
∣∣(1N − Pv(A (v)))Avx

∣∣
v
. (2.9)

Because φL is a function on kN that is independent of the place chosen, we

may use this equation at each place v, and since

HA(L)(φL(x)) =
∏
v

∣∣A(L)
v φL(x)

∣∣
v
, (2.10)

the desired conclusion follows from combining (2.9) and (2.10).

2.4 Orthogonality and Duality

Having developed some results on orthogonal decomposition of matri-

ces, we now turn to an investigation of the effects of that decomposition on

the dual matrix. In particular we will find that the Gram-Schmidt decompo-

sition of A gives us useful information about A∗. Moreover, we can use that

information to understand A(L)∗, for the A(L) defined in Lemma 2.4.
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Lemma 2.6. Let A belong to GL(N, kv), and let A∗ = (A−1)T be the dual

matrix, which also belongs to GL(N, kv). If we write, as in Lemma 2.2,

A = ΨUW,

then we have

A∗ = ΨU−1W ∗.

Of note, W ∗ is a lower-triangular, not upper triangular, so this is not

a Gram-Schmidt decomposition of A∗, although that fact will make it even

more useful to us.

Proof. The argument is straightforward calculation from linear algebra. Note

first that since Ψ is orthogonal, Ψ−1 = ΨT . Also, because U is diagonal,

UT = U . Therefore,
A∗ = (A−1)T

= (W−1U−1Ψ−1)T

= (Ψ−1)T (U−1)T (W−1)T

= ΨU−1W ∗.

In Lemma 2.4, the matrix A(L) is chosen to be LZ. We would sim-

ilarly like to understand A(L)∗ in relation to Z∗ = U−1W ∗, and thus also

A∗. In particular, we will show that there is an L-dimensional subspace

Y of kN that contains precisely one complete set of preimages for the func-

tion φL : kN → kL, and has the property that for any y ∈ Y , it is true that

‖A∗y‖v =
∥∥A(L)∗φL(y)

∥∥
v
.
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Lemma 2.7. Let A, A∗ belonging to GL(N, kv) be dual automorphisms, and

A(L) ∈ GL(L, kv) as indicated in Lemma 2.4, with the associated dual auto-

morphism A(L)∗. Let the subspace Y ⊆ kN be defined by

Y =





0
...
0
y1
...
yL


: y1, y2, . . . , yL ∈ k


,

so that the restriction of φL is a bijective function between Y and kL. Then

for any y ∈ Y ,

‖A∗y‖v =
∥∥A(L)∗φ(y)

∥∥
v
.

Proof. For y ∈ Y , consider

A∗y = ΨU−1W ∗y.

Because the first N−L entries of y are all equal to 0 and W ∗ is lower triangular,

it is true that with the matrix written in block diagonal form,

W ∗y =

(
0 0

0 L(W ∗)

)
y,

and following this same effect from right to left, because U−1 is diagonal,

U−1W ∗y =

(
0 0

0
L
(U−1)

)(
0 0

0 L(W ∗)

)
y.

Because ‖Ψx‖v = ‖x‖v for all x ∈ kNv ,

‖A∗y‖v = ‖ΨU−1W ∗y‖v

= ‖U−1W ∗y‖v

=

∥∥∥∥( 0 0

0
L
(U−1)

)(
0 0

0 L(W ∗)

)
y

∥∥∥∥
v

.
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But now it is clear that this is the same as∥∥∥L(U−1)L(W ∗)φ(y)
∥∥∥
v

=
∥∥A(L)∗φ(y)

∥∥
v
.

Note that in the proof, the function φL does not depend on the place v.

Therefore, we can apply the lemma at each place and achieve a result involving

the height.

Lemma 2.8. Let A = (Av) belong to Aut(kNA ), and let A(L) = (A
(L)
v ) be the

automorphism of kLA, where the relationship at each place v between Av and

A
(L)
v is given in Lemma 2.7. As usual, let A∗ ∈ Aut(kNA ) and A(L)∗ ∈ Aut(kLA)

denote the automorphisms dual to A and A(L). Then for any x in kL, there

exists some x′ belonging to kN such that

HA∗(x
′) = HA(L)∗(x)

Before proving the lemma, we will use it to extract a key corollary.

Corollary 2.9. For any A∗ belonging to Aut(kNA ) and associated A(L)∗ belong-

ing to Aut(kLA),

ΛM(A∗) ≤ ΛM(A(L)∗),

for M = 1, 2, . . . , L.

Proof. Let ξ1, ξ2, . . . , ξM belonging to kL be such that

HA(L)∗(ξm) = Λm(A(L)∗).
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From Lemma 2.8, there are vectors ξ′1, ξ
′
2, . . . , ξ

′
M in kN such that

HA∗(ξ
′
m) = HA(L)∗(ξm) = Λm(A(L)∗), (2.11)

and furthermore for at least one of them

HA∗(ξ
′
m) ≥ ΛM(A∗). (2.12)

Therefore, by combining (2.11) and (2.12), we have that for some m ≤M ,

ΛM(A∗) ≤ Λm(A(L)∗),

and the desired result is achieved because Λm(A(L)∗) ≤ ΛM(A(L)∗).

We now proceed with the proof of Lemma 2.8.

Proof. For any

x =


x1
x2
...
xL

 ∈ kL,
let

x′ =



0
...
0
x1
...
xL


∈ kN .

In the notation of Lemma 2.7, we may say that x′ is the unique vector in

Y ⊆ kN such that φL(x′) = x. Because the vector x′ depends only on x ∈ kL
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and not on the place v, we may apply Lemma 2.7 at each place, yielding

‖A∗vx′‖v =
∥∥A(L)∗

v x
∥∥
v

|A∗vx′|v =
∣∣A(L)∗

v x
∣∣
v
.

Therefore, because the equality holds at each place, we also have

HA∗(x
′) =

∏
v

|A∗vx′|v

=
∏
v

∣∣A(L)∗
v x

∣∣
v

= HA(L)∗(x),

and the lemma is proved.

2.5 Taming the Places

The twisted height is a function defined on PN−1(k), which means that

we may think of it as a function on kN , with the additional property that if

ξ ∈ kN and α ∈ k×, then HA(ξ) = HA(αξ). For our purposes, it is useful to

find a particular α so that αξ has desirable properties. In particular, we hope

that we can control or at least understand ‖Avαξ‖v at each place.

This is necessary because if ξ ∈ kN , and HA(ξ) = µ, we know very little

about the contribution of each individual place in the global height. We only

know that ‖Avx‖v = 1 except on some finite set of places. However, it might

be that at some place v1, ‖Av1ξ‖v1 is extremely small, while at some other place

v2, ‖Av2ξ‖v2 is tremendously large. Moreover, let S1 = {v : ‖Avx1‖v 6= 1} and

S2 = {v : ‖Avx2‖v 6= 1}. It may be that S1 and S2 are very different sets,

which is not desirable. In this section we show that by carefully choosing the

scalar multiple α for each ξ, we can avoid both of these concerns.
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Although we are concerned with this result primarily for the purpose of

applying it to the twisted height, we will state and prove it in the slightly more

general setting of the idele group. As long as ξ ∈ kN\{0} and A ∈ Aut(kNA ),

then there is some x = (xv) ∈ k×A so that ‖xv‖v = ‖Avξ‖v at each place, and

hence HA(ξ) = |x|A. Therefore, any result we prove for elements of the idele

group can then be applied to HA over kN .

Lemma 2.10. Let k be a number field of degree d over Q, and k×A the idele

group associated to k. There exists a finite set of places S(k), which includes

all of the infinite places, so that for every x in k×A there exists some α belonging

to k× such that

(i) for v /∈ S(k), |αxv|v = 1,

(ii) for v ∈ S(k), v -∞,

|αxv|v ∈ S (v), (2.13)

(iii) for v|∞,

|αxv|v ≤ d1(k)(η(k)|x|A)dv/d. (2.14)

Here S (v) = Sk(v) is a finite set that is defined for each of the finite places

v contained in S(k), and d1(k) and η(k) are constants that depend only on the

number field k.

Lemma 2.10 bears some resemblance to the weak and strong approxima-

tion principles for adele rings. However, those theorems apply to the additive
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structure on kA, while Lemma 2.10 is for the idele group k×A , so it applies to

the multiplicative structure of kA. We will require a slightly different form of

(2.14), using the ‖ ‖v absolute value instead of | |v. For convenience, we record

the details here:

‖αxv‖v = |αxv|d/dvv

≤ (d1(k)(η(k)|x|A)dv/d)d/dv

= d1(k)d/dvη(k)|x|A.

(2.15)

In order to prove the lemma, we need to introduce some notation and

summarize the relevant information from section 4 of chapter 5 in [20]. For

notation that is unique to this section, we closely follow the notation used in

that work. For concepts that are used elsewhere in this dissertation, we prefer

the previously introduced notation for the sake of consistency.

We will let O×v denote the invertible elements of Ov, which is to say

O×v = {x ∈ kv : |x|v = 1}. Let

Ω∞ =
∏
v|∞

k×v ×
∏
v-∞

O×v

= {x ∈ k×A : |xv|v = 1 if v -∞}.

Then k×Ω∞ is a finite-index subgroup of k×A , and the index h = [k×A : k×Ω∞]

is called the class number of k.

Let w0, w1, . . . , wr be the infinite places of k. Define functions

l : Ω∞ → Rr+1

(xv) 7→ (log |xw0 |w0 , log |xw1|w1 , . . . , log |xwr |wr)
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and

T : Rr+1 → R

x 7→
r∑
i=0

xi.

The function l is a homomorphism from the multiplicative group Ω∞ to the

additive group Rr+1. Consider the hyperplane P = {x ∈ Rr+1 : T (x) = 0},

it then follows that l defines a homomorphism from Ω1 = Ω∞ ∩ k1A to P with

kernel U = {x ∈ Ω∞ : |xv|v = 1 for all v}. Let E be the torsion subgroup of

k, i.e. the cyclic group of roots of unity in k; then l(E) ⊆ U . For any x in

Ω∞, it is possible to recover the volume of x from the formula

T (l(x)) = log |x|A. (2.16)

Let O×k be the group of units of k. Then O×k ⊆ Ω∞; by Dirichlet’s

Unit theorem, O×k modulo torsion is generated by a set of size r. Furthermore,

O×k is a discrete subgroup of Ω1 and Γ = l(O×k ) is a discrete subgroup of P

such that P/Γ is compact, so Γ is a full-rank lattice in the vector space P . Let

{ε1, ε2, . . . , εr} be a set of free generators for O×k /E; then {l(ε1), l(ε2), . . . , l(εr)}

form an R-basis for P and generate Γ.

A basis for Rr+1 can be found by using this basis for P , along with

one vector not in P . For this last basis vector, it will be convenient to use

δ = (dw0 , dw1 , . . . , dwr)
T , where as usual dv is the local degree at the place v.

Because the places w0, w1, . . . , wr are all infinite, the entries of δ are all 1 or
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2, and

T (δ) =
r∑
i=0

dwi
= d.

For reasons that will soon become clear, it is useful to have a normalized form

of this vector. Let δ′ = δ/d, therefore T (δ′) = 1.

Now that we have chosen r + 1 linearly independent vectors in Rr+1,

we form a (r + 1)× (r + 1) matrix F using these vectors as its columns, i.e.

F = (δ′ l(ε1) l(ε2) · · · l(εr)),

so that F ∈ GL(r + 1,R). For any t = (t0, t1, . . . , tr)
T ∈ Rr+1, we have

T (F t) = t0. (2.17)

We require one more definition before stating the main proposition. A

fundamental domain of order e is an idellic subset D ⊆ k×A such that every

element α belonging to k×A/k has exactly e coset representatives inside of D .

Proposition 2.11. Let {a1, a2, . . . , ah} be a full set of coset representatives

for k×Ω∞ in k×A . Let E be the torsion of k, i.e. the group of roots of unity

contained in k, and suppose it has order e. Let I = [0, 1) ⊆ R. With l and F

as defined in this section,

D =
h⋃
i=1

ail
−1(F (R× Ir))

is a fundamental domain of order e for k×A modulo k×.
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In this case, the e distinct coset representatives in D of an element α

in k×A/k differ only by roots of unity, so at each place the absolute values of all

the different coset representatives are the same. The proof of this proposition

can be found in Chapter 5 of [20], and we do not reproduce it here because we

will not require any of its arguments. Instead, we will use the proposition to

prove Lemma 2.10.

Proof of Lemma 2.10. As in Proposition 2.11, let {a1, a2, . . . , ah} be a full set

of coset representatives for k×Ω∞ in k×A . As before, let w0, w1, . . . , wr be the

infinite places of k. For each i = 1, 2, . . . , h, let bi = (b
(v)
i ) ∈ Ω∞ be chosen so

that b
(wj)
i = (a

(wj)
i )−1. Replace each ai with aibi, which is a representative for

the same coset, and now a
(wj)
i = 1 at all the infinite places.

Because D is a fundamental domain for k×A/k
×, for every x ∈ k×A and

precisely one of the ai, there exists an α, unique up to torsion, in k×, as well

as some z = (zv) ∈ D such that

x = α−1aiz

αx = aiz.

By construction,

|αxv|v =

{
|zv|v if v|∞
|a(v)h |v if v -∞

To simplify notation, let µ = |x|A and ηi = |ai|A; then it must be that |z|A =

η−1i µ, and furthermore T (l(z)) = log(η−1i µ). If t is chosen so that F (t) = l(z),

then t0 = log(γ−1i µ), and we have 0 ≤ ts ≤ 1 whenever 1 ≤ s ≤ r.
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Because z is in D , we can bound |zwj
|wj

at each infinite place. For

j = 1, 2, . . . , r, let dj = dwj
denote the local degree, and from the definition of

l and F we have

log |zwj
|wj
≤ d−1 log(η−1i µ)dj +

r∑
s=1

log |ε(wj)
s |wj

(2.18)

|zwj
|wj
≤ (η−1i µ)dj/d

r∏
s=1

|ε(wj)
s |wj

. (2.19)

The right hand side of the second inequality depends on the coset representa-

tives ai and the choice of generators for O×k /E. There should be some optimal

choice of generators, the analytical properties of which can be determined by

appealing to the classical Minkowski’s Successive Minima theorem.

Even without an optimal choice of generators for the unit group mod

torsion, by using any set of generators and choosing maximum absolute values

we arrive at a version of (2.19) so that, up to constants determined by the

field k, the right hand side depends only on µ = |x|A. Set

d1(k) =
r∏
s=1

max
0≤j≤r

{|ε(wj)
s |wj

}

η(k) = max
1≤i≤h

{η−1i }

then (2.19) can be simplified as

|zwj
|wj
≤ d1(k)(η(k)µ)dj/d, (2.20)

which is the same as (2.14).

It would be desirable to find estimates in terms of k for the constants
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d1(k) and η(k). For the second, it would be helpful also to know the minimum

size of the set S(k). However, this is beyond the scope of the present work.
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Chapter 3

The Korkin-Zolotarev Matrix

In this chapter, we describe for each A = (Av) belonging to Aut(kNA )

the choice of a linearly independent set of vectors ξ1, ξ2, . . . , ξN in kN that cor-

respond to the classical Korkin-Zolotarev basis vectors. The correspondence

is realized in two main properties of the Gram-Schmidt orthogonalization of

AX. If we write

X = (ξ1 ξ2 · · · ξN)

for the matrix in GL(N, k) having ξn as its n-th column, then in the Gram-

Schmidt decomposition

AX = ΨUW,

(i) the diagonal entries un of U must have small volume, and

(ii) for 1 < m < n < N , the entries wmn of W are contained in a simple

fundamental domain F for kA/k, which will be described later.

Along with the careful application of Lemma 2.10, these properties will allow

us to bound the twisted heights HA(ξn) in terms of the successive minima

Λn(A).
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In constructing the vectors ξn, we will use Lemma 6 from [17], which

states that for any A belonging to Aut(knA), there exists a point xn in Pn−1(k)

such that

HA(xn) = Λn(A).

Theorem 3.1. Let A belong to Aut(kNA ). Then there exist linearly independent

vectors ξ1, ξ2, . . . , ξN in kN such that

(i) HA(ξ1) = Λ1(A),

(ii) if A (v)
N−n = span{Avξ1, Avξ2, . . . , AvξN−n}, and (AX)(n) =

(
(AvX)(n)

)
is

the automorphism of knA given by Lemma 2.4, then

H(AX)(n) (φn(eN−n+1)) = Λ1

(
(AX)(n)

)
, (3.1)

where en is the n-th standard basis vector.

Before proceeding to the proof, let us note that for each m = 1, 2, . . . N ,

there are many choices of x such that φm(x) = φm(ξm+1). We may choose any

of these, and the results of the theorem will still hold true. Later, when we

examine the Gram-Schmidt orthogonalization of AX, we will impose further

conditions on ξn that afford greater control of the entries in the matrices

involved in that decomposition.

Proof. The proof will follow by induction on n. According to Lemma 6 of

[17], there exists ξ1 in kN so that HA(ξ1) = Λ1(A). Now, for any 1 < n ≤ N
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assume that ξ1, ξ2, . . . , ξn have been found. Let Xn be any matrix in GL(N, k)

having these vectors as its first n columns.

Apply Lemma 2.5 to the automorphism AXn, and let B be the auto-

morphism of kN−nA determined as a result. Again appealing to Lemma 6 of

[17], let ξ′ be a vector in kN−n such that HB(ξ′) = Λ1(B). Because ξ′ is non-

zero, any vector x in kN such that φN−n(x) = ξ′ has a non-zero component

for some m such that N − n < m ≤ N , so X(n)x is linearly independent of

ξ1, ξ2, . . . , ξn. We now select

ξn+1 = Xnx,

because by construction this vector satisfies the conditions of the theorem.

Although we have established the existence of the vectors ξn satisfying

Theorem 3.1, there are many possible choices for each vector, not all of which

are amenable to our goals. We seek to impose further conditions on the choice,

which can be expressed in terms of the Gram-Schmidt orthogonalization of the

automorphism AX.

Before proceeding, we require a technical detail regarding kA/k. There

is a positive real number τk such that the adelic subset∏
v|∞

{x ∈ kv : ‖x‖v ≤ τk} ×
∏
v-∞

Ov

contains a fundamental domain for kA/k. We will call this fundamental domain

F. When k = Q, we have τQ = 1/2, and estimates on τk for other number

fields can be found in Theorem 6 of [11].
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Lemma 3.2. Let W = (Wv) belong to Aut(kNA ) such that at each place v,

Wv is upper triangular, and, furthermore at each place all the diagonal entries

w
(v)
nn are equal to 1, for n = 1, 2, . . . , N . Then there is an upper triangular

matrix Y belonging to GL(N, k) with all diagonal entries equal to 1, and all

the off-diagonal entries of Z = WY are contained in F.

Proof. This proof is due to Vaaler, and its principles are valid in a more general

context including many locally compact groups. For 1 < l < n < N , we have

z
(v)
ln =

n∑
m=l

w
(v)
lmymn

= yln +
n−1∑

m=l+1

w
(v)
lmymn + w

(v)
ln .

(3.2)

We now induct on the quantity j = n− l. For j = 1, we have n = l+ 1,

and so equation 3.2 simplifies to

z
(v)
l(l+1) = yl(l+1) + w

(v)
l(l+1).

Because F is a fundamental domain for kA/k, it is clear that we may choose

yl(l+1) so that (z
(v)
l(l+1)) lies in F. For j > 1, we may assume that yln have been

chosen whenever 1 ≤ n < l + j, so in the equation

z
(v)
ln = yl(l+j) +

l+j−1∑
m=l+1

w
(v)
lmymn + w

(v)
l(l+j)

everything is already determined except for the term yl(l+j), and here again we

may choose yl(l+j) so that (z
(v)
l(l+j)) falls within F.
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Theorem 3.3. Let A belong to Aut(kNA ), and X the matrix determined by

Theorem 3.1, which belongs to GL(N, k). There exists some B = (Bv) also

belonging to Aut(kNA ), which may be decomposed using Lemma 2.3 as

B = ΨUW,

and has the properties that

(i) for 1 ≤ n ≤ N , Λn(B) = Λn(A) and Λn(B∗) = Λn(A∗),

(ii) for 1 ≤ n ≤ N , HB(en) = HA(ξn),

(iii) for 1 ≤ n ≤ N , |un|A = Λ1(B
(N−n+1)),

(iv) for all places v of k and 1 ≤ n ≤ N ,

|u(v)n |v ≤ d1(k)(η(k)|u|A)dv/d if v|∞

|u(v)n |v ∈ S (v) if v ∈ S(k), v -∞

|u(v)n |v = 1 if v /∈ S(k),

(v) for 1 < m < n ≤ N , wmn belongs to F.

In the statement of the theorem, d1(k), η(k), S(k), and S (v) are all the

same as those defined in Lemma 2.10.

Proof. This theorem is a combination of Theorem 3.1, Lemma 2.10, and

Lemma 3.2.
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We start with the matrix AX. Since the twisted height is a function

on projective space, for any β in k, we have

HA(n)(φn(βξN−n+1)) = HA(n)(βφn(ξN−n+1)) = Λ1(A
(n)).

Now let η = (ηv) ∈ k×A be such that ‖ηv‖v = ‖A(n)
v φn(ξN−n+1)‖v. For every

η there is an α such that αη satisfies the conditions of Lemma 2.10. Let

ξ′N−n+1 = αξN−n+1 for each n = 1, 2, . . . , N , and let X ′ be the matrix with

these vectors as its columns. It is clear that AX ′ still satisfies (3.1).

Now write

AX ′ = ΨU ′W ′

and apply Lemma 3.2 to W ′. The result is that there is an upper-triangular

matrix Y in GL(N,K) and an upper-triangular automorphism Z belonging to

Aut(kNA ) such that

Z = W ′Y

Let B = AX ′Y , which has Gram-Schmidt orthogonalization

B = AX ′Y = ΨU ′Z,

and we will show that the matrix B satisfies the conditions of the theorem.

Because X ′ and Y are both in GL(N, k), we must have Λn(B) = Λn(A) for

n = 1, 2, . . . , N . Likewise, B∗ = A∗(X ′Y )∗, and (X ′Y )∗ is in GL(N, k), so

Λn(B∗) = Λn(A∗). Furthermore, since Y is upper-triangular and has ones

along the diagonal, the n-th column of B − AX ′Y is a linear combination of
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the first n columns of AX ′. Therefore,

HB(n)(φn(eN−n+1)) = H(AX)(n)(φn(eN−n+1)) = Λ1((AX)(n)),

because in constructing (AX)(n) we project onto an orthogonal complement of

span{Aξ1, Aξ2, . . . , AξN−n},

so adding a linear combination of these vectors to AξN−n+1 does not change

the projection.
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Chapter 4

The Main Inequalities

In this chapter, we establish the main results of the thesis. Having

done the work of showing that a Korkin-Zolotarev matrix exists in the previous

chapter, we exploit the analytical properties that it was designed to have. This

work is inspired by [6], in particular Theorems 2.1-2.4, along with Propositions

4.1 and 4.2, which prove the classical analogues to the results that we present

here.

4.1 Bounds in Terms of Successive Minima

The vectors ξ1, ξ2, . . . , ξN used in the previous chapter were chosen

primarily so that H(AX)(n)(φn(eN−n+1)) would be as small as possible. It is

our goal now to show that in fact HA(ξn) is small, in particular that HA(ξn)

is comparable to Λn(A).

Theorem 4.1. For A belonging to Aut(kNA ), let X in GL(N, k) be the matrix

defined by Lemma 3.3, and let ξn be the n-th column vector of X. Then

HA(ξn) ≤ d3(k)(1 + (n− 1)τ 2k )1/2Λn(A),

where

d3(k) = d2(k)d1(k)rη(k)
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and r is the number of infinite places of k.

The constants d1(k), d2(k), η(k), and τk were all defined in Chapter 3.

Proof. Because HA(ξn) = HB(en), we will work in terms of the latter. Also,

since B = AX for some X belonging to GL(N, k), it must be that for n =

1, 2, . . . , N , Λn(A) = Λn(B), so the successive minima are interchangeable.

Write

B = ΨUW

for the Gram-Schmidt orthogonalization of B. Therefore

HA(ξn) =
∏
v

|ΨvUvWven|v

=
∏
v|∞

(
‖u(v)n ‖2v +

n−1∑
m=1

‖w(v)
mnu

(v)
m ‖2v

) dv
2d

(4.1)

×
∏
v-∞

max
1≤m≤n

|u(v)m w(v)
mn|v.

We can refine and simplify this estimate. At non-Archimedean places

v that are not in S(k),

|u(v)m w(v)
mn|v ≤ 1, for 1 ≤ m ≤ n,

while for any non-Archimedean place v which is part of S(k),

|u(v)m w(v)
mn|v ≤ max

z∈S (v)
z, for 1 ≤ m ≤ n.

Hence the product over the non-Archimedean places can be estimated as∏
v-∞

max
1≤m≤n

|u(v)m w(v)
mn|v ≤

∏
v∈S(k)
v-∞

max
z∈S (v)

z = d2(k). (4.2)
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By using (4.2) at the non-Archimedean places and (2.15) in conjunction with

Theorem 3.3 at the Archimedean places, (4.1) becomes

HA(ξn) ≤ d2(k)
∏
v|∞

((
d1(k)d/dvη(k)Λ1(B

(N−n+1))
)2

+
n−1∑
m=1

(
τkd1(k)d/dvη(k)Λ1(B

(N−m+1))
)2) dv

2d

HA(ξn) ≤ d3(k)
∏
v|∞

(
Λ1(B

(N−n+1))2 +
n−1∑
m=1

(
τkΛ1(B

(N−m+1))
)2) dv

2d

(4.3)

It suffices now to compare Λ1(B
(N−n+1)) to Λn(A), for 1 ≤ n ≤ N . At

each place v, for all x belonging to kN we have∥∥B(N−n+1)φN−n+1(x)
∥∥
v

=
∥∥(1N − Pv(B(v)

n ))Bvx
∥∥
v
.

By the definition of successive minima, there are at least n linearly independent

vectors x in kN such thatHA(Xx) ≤ Λn(B) = Λn(A), and at least one of them,

say y = (y1, y2, . . . , yN), is such that ym 6= 0 for some N − n+ 1 ≤ m ≤ N .

At each place v it is true that

0 <
∥∥B(N−n+1)

v φn(y)
∥∥
v
≤ ‖Bvy‖v ,

where the right hand side is obvious and the left hand side is implied by the

previous assertion, which is equivalent to the statement that φn(y) is nonzero.

It now follows that

Λ1(B
(N−n+1)) ≤ HB(N−n+1)(φn(y))

≤ HB(y)

≤ Λn(B).

(4.4)
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By applying (4.4) for each Λ1(B
(N−n+1)) in (4.3) we find

HA(ξn) ≤ d3(k)
∏
v|∞

(
Λn(B)2 +

n−1∑
m=1

(τkΛm(B))2
) dv

2d

(4.5)

Now, appealing to the trivial fact that for 1 ≤ m < n ≤ N we have Λm(A) ≤

Λn(A) we simplify the estimate even further.

HA(ξn) ≤ d3(k)
∏
v|∞

(
Λn(B)2 +

n−1∑
m=1

(τkΛn(B))2
) dv

2d

(4.6)

≤ d3(k)(1 + (n− 1)τ 2k )1/2Λn(B), (4.7)

which is the desired bound.

With the twisted height of each ξn bounded, it is now possible to pro-

duce a theorem bounding the product of these heights in terms that depend

only on the field k. The best possible result of this type, using vectors ξ′n

chosen specifically for this purpose, is the version of Siegel’s Lemma given

by Vaaler in Theorem 1 of [17]. Because we have chosen the vectors ξn not

only to have small height, but also to satisfy other properties, we may think

of the following theorem as a measure of the compromise necessary to have

those additonal properties. This is similar to how Theorem 1.2 measures the

difference between the original Minkowski’s Successive Minima theorem and a

basis form of the same.

Theorem 4.2. Let A belong to Aut(kNA ), and let ξ1, ξ2, . . . , ξN be a set of

Korkin-Zolotarev vectors with respect to A. Then

N∏
n=1

HA(ξn) ≤ d3(k)N

(
N∏
n=1

(
1 + (n− 1)τ 2k

))1/2

γk(N)N/2|A|A.
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Proof. For each n = 1, 2, . . . , N , Theorem 4.1 provides a bound for HA(ξn).

Taking the product we find

N∏
n=1

HA(ξn) ≤
N∏
n=1

(
d3(k)(1 + (n− 1)τ 2k )1/2Λn(A)

)
= d3(k)N

(
N∏
n=1

(
1 + (n− 1)τ 2k

))1/2

×
N∏
n=1

Λn(A).

(4.8)

According to the proof of Theorem 1 from [17],

N∏
n=1

Λn(A) ≤ γk(N)N/2|A|A, (4.9)

and by combining (4.8) and (4.9) the theorem is proved.

4.2 Mahler Products

We now seek to bound products of the type

Λn(A)Λm(A∗),

where m + n = N + 1. We do this by building up several related theorems

first, allowing us to connect the Korkin-Zolotarev estimates with the successive

minima.

Proposition 4.3. Let A belong to Aut(kNA ) and let A∗ be its dual automor-

phism. Let X be the Korkin-Zolotarev matrix for A, with column vectors

ξ1, ξ2, . . . , ξN . Then

HA(ξn)Λ1(A
∗) ≤ d3(k)

(
1 + (n− 1)τ 2k

)1/2
γ∗k(N).

53



Proof. As in Theorem 4.1, we start with the estimate (4.3) for the height of

one of the Korkin-Zolotarev vectors, along with the identity Λ1(A
∗) = Λ1(B

∗).

HA(ξn)Λ1(A
∗) ≤ d3(k)

∏
v|∞

(
Λ1(B

(N−n+1))2

+
n−1∑
m=1

(
τkΛ1(B

(N−m+1))
)2) dv

2d

Λ1(B
∗)

(4.10)

We distribute Λ1(B
∗) into the product and over the sum, yielding

HA(ξn)Λ1(A
∗) ≤ d3(k)

∏
v|∞

((
Λ1(B

(N−n+1))Λ1(B
∗)
)2

+
n−1∑
m=1

(
τkΛ1(B

(N−m+1))Λ1(B
∗)
)2) dv

2d

(4.11)

Using Corollary 2.9 with l = 1 we replace Λ1(B
∗) with Λ1(B

(N−m+1)∗):

HA(ξn)Λ1(A
∗) ≤ d3(k)

∏
v|∞

((
Λ1(B

(N−n+1))Λ1(B
(N−n+1)∗)

)2
+

n−1∑
m=1

(
τkΛ1(B

(N−m+1))Λ1(B
(N−m+1)∗)

)2) dv
2d

(4.12)

and by the definition of Hermite’s constant, we know that for any C belonging

to Aut(knA)

Λ1(C)Λ1(C
∗) ≤ γk(n)1/2|C|1/nA γk(n)1/2|C∗|1/nA

= γk(n),

because |C∗|A = |C|−1A . Using this in each term of the summand on the right
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hand side of (4.12) we find

HA(ξn)Λ1(A
∗) ≤ d3(k)

∏
v|∞

(
γk(N − n+ 1)2

+
n−1∑
m=1

τ 2kγk(N −m+ 1)2

) dv
2d

.

Replacing each occurrence of γk(n) with γ∗k(N), we carry out an analysis iden-

tical to the one performed between (4.6) and (4.7), and the result follows.

Because ξ1, ξ2, . . . , ξn are linearly independent, we must have

Λn(A) ≤ max
1≤m≤n

HA(ξm),

which directly gives a corollary to Proposition 4.3.

Corollary 4.4. If A and A∗ are dual members of Aut(kNA ), then for n =

1, 2, . . . , N , we have

Λn(A)Λ1(A
∗) ≤ d3(k)(1 + (n− 1)τ 2k )1/2γ∗k(N).

Theorem 4.5. Let A and A∗ belong to Aut(kNA ) and be dual to each other.

Let X be the Korkin-Zolotarev matrix for A with columns ξ1, ξ2, . . . ξN . Given

n such that 1 ≤ n ≤ N , let m be the integer such that m+ n = N + 1. Then

HA(ξn)Λm(A∗) ≤ d3(k)(1 + (N − 1)τ 2k + (nm−N)τ 4k )1/2γ∗k(N).

Proof. We again start with the estimate (4.3) for HA(ξn) in terms of entries
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in the Gram-Schmidt decomposition of B.

HA(ξn)Λm(A∗) ≤ d3(k)
∏
v|∞

(
Λ1(B

(m))2 (4.13)

+
N∑

i=m+1

(
τkΛ1(B

(i))
)2) dv

2d

Λm(B∗)

≤ d3(k)
∏
v|∞

((
Λ1(B

(m))Λm(B∗)
)2

(4.14)

+
N∑

i=m+1

(
τkΛ1(B

(i))Λm(B∗)
)2) dv

2d

Now we appeal to Lemma 2.9, but this time using l = m, which is valid because

m ≤ i ≤ N

HA(ξn)Λm(A∗) ≤ d3(k)
∏
v|∞

((
Λ1(B

(m))Λm(B(m)∗)
)2

+
N∑

i=m+1

(
τkΛ1(B

(i))Λm(B(i)∗)
)2) dv

2d

,

(4.15)

and are in a position to use Lemma 4.4, with the roles of B and B∗ reversed,

resulting in

HA(ξn)Λm(A∗) ≤ d3(k)
∏
v|∞

(
((1 + (m− 1)τk)γ

∗
k(m))2

+
N∑

i=m+1

(τk(1 + (m− 1)τk)γ
∗
k(i))

2

) dv
2d

.

(4.16)

Noting that γ∗k(m) ≤ γ∗k(i) ≤ γ∗k(N), we replace all the instances on the right
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hand side with γ∗k(N) and factor that term out, leaving

HA(ξn)Λm(A∗) ≤ d3(k)
∏
v|∞

(
((1 + (m− 1)τk)

2)2

+
N∑

i=m+1

(τk(1 + (m− 1)τ 2k ))2

) dv
2d

γ∗k(N)

≤ d3(k)((1 + (m− 1)τ 2k )(1 + (n− 1)τ 2k ))1/2γ∗k(N).

(4.17)

To arrive at the conclusion of the theorem requires only rearranging the terms

involving τk.

We are now ready to bound the Mahler product.

Theorem 4.6. Let A belong to Aut(kNA ) and have dual automorphism A∗. For

every integer pair 1 ≤ n,m ≤ N such that m+ n = N + 1 we have

Λn(A)Λm(A∗) ≤ d3(k)

(
1 +

(N − 1)

2
τ 2k

)
γ∗k(N) (4.18)

Proof. From the definition of successive minima, it must be that

Λn(A) ≤ max
1≤i≤n

HA(ξi),

so multiplying both sides by Λm(A∗) yields

Λn(A)Λm(A∗) ≤ max
1≤i≤n

{HA(ξi)}Λm(A∗)

≤ max
1≤i≤n

{HA(ξi)Λj(A
∗)}, (4.19)

where M ≤ j ≤ N is such that i+ j = N + 1. Applying Theorem 4.5 to each

product, we find

Λn(A)Λm(A∗) ≤ max
1≤i≤n

{d3(k)((1 + (i− 1)τ 2k )(1 + (j − 1)τ 2k ))1/2γ∗k(N)} (4.20)
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For i+ j = N + 1, because of the symmetry (or as a simple calculus exercise)

this quantity is maximized when i = j = (N + 1)/2. Substituting (N + 1)/2

for i and j in (4.20) to realize this maximum, we arrive at (4.18).

4.3 Diagonal Entries

The idelic volumes of entries of the diagonal matrix U are not neces-

sarily monotone increasing, but using Siegel’s Lemma, it is possible to report

some details that allow comparisons between them.

Lemma 4.7. Let A belong to Aut(kNA ) and let X be the Korkin-Zolotarev

matrix for A defined in Theorem 3.3. In the Gram-Schmidt decomposition

AX = ΨUW,

we have, for 1 ≤ m < n ≤ N ,

|um|A ≤ γk(n−m+ 1)1/2

(
n−m∏
i=2

γk(i)
1
2i

)
|un|A. (4.21)

Proof. Let B = AX, so that we can refer, as in Theorem 3.1, to the projections

B(i), which are the same as the lower n×n right hand corner of UW . Further-

more, for j ≤ i, let B
(i)
j denote the span at each place of the first j columns

of B(i); then as an automorphism of kjA, it is true that Λ1(B
(i)
j ) = Λ1(B

(i)).

By the definition of Hermite’s constant and the construction of the

Korkin-Zolotarev matrix X, we have

|um|A = Λ1(B
(N−m+1)
j ) ≤ γk(j)

1/2|B(N−m+1)
j |1/jA ,
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where now j = n − m + 1. The Gram-Schmidt decomposition allows us to

expand the last term in a simple way

|um|A ≤ γk(j)
1/2

(
j∏
l=0

|um+l|A

)1/j+1

which after algebraic manipulation becomes

|um|A ≤ γk(j)
(j+1)/2j

(
j∏
l=1

|um+l|A

)1/j

. (4.22)

We proceed with an induction on j. Since γk(1) = 1, the base case is trivial.

Now, assume that for i < j it is the case that

|um+i|A ≤ γk(i)
1/2

(
i∏
l=2

γk(l)
1/2(l−1)

)
|un|A, (4.23)

and substitute (4.23) for each |um+l|A on the right hand side of (4.22), yielding

|um|A ≤ γk(j)
(j+1)/2j)

(
j∏
i=1

γk(i)
1/2

(
i∏
l=2

γk(l)
1/2(l−1)

)
|un|A

)1/j

= γk(j)
(j+1)/2j

(
j∏
i=1

(
i∏
l=2

γk(l)
1/2(l−1)

))1/j

|un|A.

(4.24)

By expanding the double product in (4.24) and grouping like terms, we see

that the result is true for j = n−m+ 1 also.

By again using γ∗k, we can simplify the estimate

Corollary 4.8. For A and X as defined in Lemma 4.7, written using the

decomposition of Lemma 2.3 as

AX = ΨUW,
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and for every m,n such that 1 ≤ m < n ≤ N , we have

|um|A ≤ γ∗k(n−m+ 1)(1+log(n−m+1))/2|un|A.

Proof. In (4.21), replace each γk(i) with γ∗k(n−m+1) and apply the elementary

bound
n−m+1∑
i=2

1

i− 1
≤ log(n−m+ 1)

on the exponent of the resulting product.
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